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Surfaces and hypersurfaces have been worked by the mathematicians for over three centuries. We see 
some recent papers about torus surfaces and torus hypersurfaces in the literature such as [2–15]. 
In a way analogous to the construction of an ordinary torus in 𝔼3, Aminov [1] obtained the three 
dimensional submanifold 𝑀3 in 𝔼4which is homeomorphic to 𝑆1  ×  𝑆2. 
Assume 𝛾 be acircle of radius 𝑅 with the center at the origin 𝑂 in a coordinate plane 𝔼2, and 𝑃 be a 
point of 𝛾. Spanning 𝔼3 on vectors 𝑂𝑃, 𝑒3, 𝑒4, we consider the sphere 𝑆
2(𝑃) of radius 𝑟 with the center 
at 𝑃. While 𝑃 moves along 𝛾, then all points of 𝑆2(𝑃) form the submanifold 𝑀3 in 𝔼4. 
Finally, a torus hypersurface in the four dimensional Euclidean space𝔼4can be parametrized by the 
following form: 
 
𝐱 𝑢, 𝑣,𝑤 =  
(𝑅 + 𝑟 cos 𝑢 cos𝑣) cos 𝑤
(𝑅 + 𝑟 cos 𝑢 cos𝑣) sin 𝑤





x1 𝑢, 𝑣,𝑤 
x2 𝑢, 𝑣,𝑤 
x3 𝑢, 𝑣,𝑤 
x4 𝑢, 𝑣,𝑤  
 ,                             (1.1) 
 
Abstract. 
We study curvatures ℭi=1,2,3 of torus hypersurface in the four dimensional Euclidean space. We 
also give some relations on ℭi of torus hypersurface. 
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where 𝑢, 𝑣,𝑤 ∈ 𝐼 ⊂ ℝ. 
In this paper, we compute curvatures of hypersurfaces in 𝔼4. We present fundamental elements of the 




For𝑖-th curvature formulas ℭ𝑖=0,1,…𝑛 in 𝔼
𝑛+1, we get characteristic polynomial of shape operator𝐒: 
 





𝑛−𝑘 .                                      (2.1) 
 
Here, 𝐼𝑛  shows identity matrix. Then, we get curvature formulas  
𝑛
𝑖
 ℭ𝑖 = 𝑠𝑖 , where  
𝑛
0
 ℭ0 = 𝑠0 = 1 by 
definition. 𝑘-th fundamental form of hypersurface 𝑀𝑛  is given by I 𝐒𝑘−1 𝑋 ,𝑌 =  𝐒𝑘−1 𝑋 ,𝑌 . Then, 
we have 
 






 ℭ𝑖  I 𝐒
𝑘−1 𝑋 ,𝑌 = 0.                                                           (2.2) 
 
Throughout the work, we will identify a vector (a, b, c, d) with its transpose. 
One can assume 𝐌 = 𝐌 𝑢, 𝑣,𝑤  be an isometric immersion of a hypersurface 𝑀3 in 𝔼4. Dot product 
of 𝑥 =  𝑥1 , 𝑥2 ,𝑥3 ,𝑥4  and 𝑦 =  𝑦1 ,𝑦2 ,𝑦3 ,𝑦4  in 𝔼
4 is defined by  𝑥 ,𝑦  =  𝑥𝑖𝑦𝑖
4
𝑖=1 . Vector product in 
𝔼4 is given by 
 























 𝐌𝑢 ×𝐌𝑣 ×𝐌𝑤 
, 
 
where 𝐌𝑢 = 𝑑𝐌/𝑑𝑢. We obtain following matrices for a hypersurface 𝐌 in 𝔼
4,  
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where the coefficients are given by 
 
      𝐸 =  𝐌𝑢 ,𝐌𝑢  ,   𝐹 =  𝐌𝑢 ,𝐌𝒗 ,   𝐺 =  𝐌𝑣 ,𝐌𝑣 ,   𝐴 =  𝐌𝑢 ,𝐌𝑤  ,   𝐵 =  𝐌𝑣 ,𝐌𝒘 ,   𝐶 =  𝐌𝑤 ,𝐌𝑤  , 
 
      𝐿 =  𝐌𝑢𝑢 , 𝑒 ,    𝑀 =  𝐌𝑢𝑣 , 𝑒 ,    𝑁 =  𝐌𝑣𝑣 , 𝑒 ,      𝑃 =  𝐌𝑢𝑤 , 𝑒 ,     𝑇 =  𝐌𝑣𝑤 , 𝑒 ,    𝑉 =  𝐌𝑤𝑤 , 𝑒 , 
 




Next, we will obtain curvatures for a hypersurface 𝐌 𝑢, 𝑣,𝑤  in 𝔼4. Using characteristic polynomial 
𝑃𝐒 𝜆 = 𝑎𝜆





 ℭ1 = −
𝑏
𝑎






,    
3
3





Then, we see curvature folmulas, clearly: 
 
Theorem 3.1. Any hypersurface M3 in 𝔼4 has following curvatureformulas, ℭ0 = 1(by definition), 
 
ℭ1 =
 𝐸𝑁 + 𝐺𝐿 − 2𝐹𝑀 𝐶 +  𝐸𝐺 − 𝐹2 𝑉 − 𝐿𝐵2 −𝑁𝐴2 − 2 𝐴𝑃𝐺 − 𝐵𝑃𝐹 − 𝐴𝑇𝐹 + 𝐵𝑇𝐸 − 𝐴𝐵𝑀 





 𝐸𝑁 + 𝐺𝐿 − 2𝐹𝑀 𝑉 +  𝐿𝑁 −𝑀2 𝐶 − 𝐸𝑇2 − 𝐺𝑃2 − 2 𝐴𝑃𝑁 − 𝐵𝑃𝑀 − 𝐴𝑇𝑀 + 𝐵𝑇𝐿 − 𝑃𝑇𝐹 





 𝐿𝑁 −𝑀2 𝑉 − 𝐿𝑇2 + 2𝑀𝑃𝑇 − 𝑁𝑃2
 𝐸𝐺 − 𝐹2 𝐶 − 𝐸𝐵2 + 2𝐹𝐴𝐵 − 𝐺𝐴2
.                                                                                                     (3.3) 
 
Proof. Solving det 𝐒 − 𝜆𝐼3 = 0 with some calculations, we get coefficients of polynomial 𝑃𝐒 𝜆 . 
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Theorem3.2. For any hypersurface M3 in 𝔼4, curvatures are related by following formula 
 
ℭ0𝐼𝑉 − 3ℭ1𝐼𝐼𝐼 + 3ℭ2II− ℭ3𝐼 = 0.                                                    (3.4) 
 
4. Curvaturesof Torus Hypersurface 
 
In this section, we compute curvatures of torus hypersurface (1.1).  
With the first differentials of(1.1)depends on𝑢, 𝑣,𝑤, we get the Gauss map of (1.1): 
 
𝑒 = − 
cos 𝑢 cos 𝑣 cos 𝑤
cos 𝑢 cos 𝑣 sin 𝑤
cos 𝑢 sin 𝑣
sin 𝑢
 .                                                      (4.1) 
 
We get the first and the second fundamental form matrices of (1.1), respectively, 
 
I =  
𝑟2 0 0
0 𝑟2 cos2𝑢 0
0 0  𝑅 + 𝑟 cos 𝑢 cos 𝑣 2
 ,    
 
II =  
𝑟 0 0
0 𝑟 cos2𝑢 0
0 0  𝑅 + 𝑟 cos 𝑢 cos 𝑣  cos 𝑢 cos 𝑣
 . 
 















cos 𝑢 cos 𝑣






So, we compute the third fundamental form matrix using  4.1  of (1.1): 
 
III =  
1 0 0
0  cos2𝑢 0
0 0  cos2𝑢  cos2𝑣
 . 
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2𝑅 + 3𝑟 cos 𝑢 cos 𝑣




𝑅 + 3𝑟 cos 𝑢 cos 𝑣




cos 𝑢 cos 𝑣
𝑟2 𝑅 + 𝑟 cos 𝑢 cos 𝑣 
. 
 
Proof. Computing(3.1),(3.2), and (3.3)of(1.1), we obtain the curvatures. 
 












where 𝒞 = cos 𝑢 cos 𝑣. 
 
Corollary 4.2. 𝑢 = 𝑣 = 𝜋/2 + 𝑘𝜋 on torus hypersurface (1.1)if and onlyif the curvatures of (1.1) 





,   ℭ2 =
1
𝑟2
,   ℭ3 = 0, 
 




Torus hypersurfaces have been studied by some authors. We have expanded well-known 
results of the Torus hypersurfaces by using its curvatures in 𝔼4. In addition, we give 3-
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